We investigate the possibility of observing a magneto-transverse scattering of photons from alkaline-earth-like atoms as well as alkali-like ions and provide orders of magnitude. The transverse magneto-scattering is physically induced by the interference between two possible quantum transitions of an outer electron in a S state, one dispersive electric-dipole transition to a P orbital state and a second resonant electric-quadrupole transition to a D orbital state. In contrast with previous mechanisms proposed for such an atomic photonic Hall effect, no real photons are scattered by the electric-dipole allowed transition, which increases the ratio of Hall current to background photons significantly. The main experimental challenge is to overcome the small detection threshold, with only 10 −5 photons scattered per atom per second.
I. INTRODUCTION
Atoms and ions are quantum objects that can scatter photons. This well-known process involves the promotion of an electron to an excited quantum level at the cost of a photon, and its subsequent decay with the emission of a new photon, neither necessarily in the same direction nor at the same frequency. Because in vacuum, atoms are small compared to the excitation wavelength λ, atomphoton scattering is strongly restricted by selection rules, with the electric-dipole matrix elements strongly dominating over higher electric-multipoles. In addition, because of spin-orbit coupling and electron-electron interaction, the degeneracy of quantum levels associated with different angular momenta is largely lifted. As a result, the quantum-interference between e.g. a S ↔ P and a S ↔ D transition is usually not relevant.
The Photon Hall Effect (PHE) is induced by the interference between transitions associated with different multipoles, somewhat similar to rotatory power in chiral molecules [1] . It was first observed 20 years ago in multiple scattering samples [2] . In classical Mie scattering such interference poses no problem, especially for particles of the size of the wavelength [3] , where many multipoles coexist at not too small frequencies. For atoms such interference is rare and small. Two close atoms can generate together an electric quadrupole (EQ) out of their individual electric dipoles (ED) and induce a PHE [4, 5] . For one atom, only the hydrogen atom -with almost degenerated levels 2 P 3/2 and 2 D 3/2 -has been proposed recently [6] . Atomic hydrogen however, is difficult to handle experimentally. Its PHE is also complicated by the giant resonant absorption of the ED transition that accelerates the atom and makes it move out of resonance quickly. Nevertheless, if these technical problems would be solved, a PHE would be generated, equal to a magneto-transverse acceleration of order 3 m/s 2 for a broadband incident flux of 10 kW/m 2 and magnetic fields of order of 10 Gauss [6] .
In this paper we explore the PHE effect for neutral atoms and ions where laser cooling and trapping technics are currently available. Those elements should have in common an energy level structure sketched in Fig. 1 . One needs a S ↔ P ED transition and a S ↔ D EQ transition. This general property is encountered in many elements. However, since we are dealing with elastic scattering of photons on resonance with the EQ transition, it is important that the decay of the excited D state will not dominated by other inelastic fluorescence channels. This requirement excludes the commonly used alkali atoms, where a strong D → P intermediate ED transition exists. As example the 5 2 D 5/2 → 6 2 S 1/2 transition of Cs is counting only for 3 × 10 −5 of the total decay rate of the 5 2 D 5/2 state [7] . Recently cooled rare-earth atoms such as Er [8] , Dy [9] , Tm [10] and also Cd [11] and Hg [12] , should be excluded for similar reasons. Moreover, scattering of photons on the EQ transition require a relatively large EQ coupling. This second requirement excludes several ions currently used for optical clocks like, for example, Ca + [13] . We propose four promising elements, summarized in Table I [14, 15] . For those elements, the energy difference between the P and the D states is more than one million times larger than the natural linewidth of the ED transition. Thus, even if the ED transition is much stronger than the EQ transition, for a laser tuned on the EQ resonance, the population of the P state is negligible, and the optical absorption by the ED transition can be disregarded. In section II, we show how the interference of the EQ transition with the dispersive response of the ED transition creates a PHE, if a bias DC magnetic-field is applied to split the Zeeman substates of the D-level. In section III, we discuss the practical implementation of a PHE experiment considering in particular the unavoid- able Doppler effect on the EQ transition, the inelastic scattering, and the radiation pressure force.
II. PHOTON HALL SCATTERING
In this section, we derive the photon Hall scattering cross-section and current, considering a resonant EQ transition and an off-resonant ED transition. The calculation is performed for one single atom at rest in interaction with a quasi-monochromatic light field. More realistic situations are discussed in the following section.
Our starting point is the Kramers-Heisenberg formula for the optical cross-section [16] :
Here, α is the fine structure constant; k and k s are the wave vectors respectively for the incident and the scattered field; ω (s) = |k (s) |c 0 is the frequency of the radiation and c 0 the speed of light in vacuum; ε and ε s are the incident and the scattered field polarization; f is the complex scattered field amplitude either for the ED transition or for the EQ transition. This model is valid in the weak field intensity limit where the population of all levels is far from saturation, i.e. a level population ρ ≪ 1 2 . For a random incident polarization, the population is given by [16] Element Sr Ca Yb The estimate of the quantities σPHE (the PHE scattering cross-section), the ratio of spontaneous emission rate and natural decay rate AD/ΓD (without Doppler broadening, the maximum value of 1 occurs in the absence of other inelastic decay channels), circular frequency detuning ∆P D between S and P -level, the currents JP = ρP AP , JQ = ρQAQ generated by ED and EQ scattering, and the photonic Hall current ∆JPHE which equals the difference between up and down current along y axis (all expressed in number of photons per second), aPHE (magneto-transverse recoil acceleration). The PHE is normalized by the magnetic quantum number mD = ±1, ±2 of the D-level that is resonantly excited. The electronic spin and the Zeeman structure of the ground state, for the ions, are disregarded in the calculation of the various quantities.
In this formula, ∆ is the detuning from the resonance (ω 0 = ω P for the ED transition,
is the stimulated emission coefficient, A the natural linewidth, and γ the total linewidth (Γ ≡ 2γ is the Lorentzian FWHM linewidth), and W is the radiation density per (circular) frequency interval. In the following we will focuss on one magnetic sub level of the D-level that is typically separated energetically by an amount µB from the others due to an applied bias magnetic field. We shall assume that γ L ≪ Γ D ≪ µB/h, i.e. that the laser bandwidth γ L is small enough to resolve the magnetic sub levels and is put on resonance with one of them, and the Zeeman shift µB/h lifts the magnetic degeneracy completely. Moderate magnetic fields of about 10 G are enough to satisfy the above inequality. The linewidth Γ D may exceed the natural linewidth A D , due to inelastic scattering to other levels. Doppler broadening will be discussed in the next section. If the above inequalities are satisfied, we obtain
0 the flux density and I s the saturation intensity given by,
For the population of the P -level, Eq. (2) reduces to
Because of the far off-resonant excitation (see values of ρ P in Table I ), the ED scattering is completely negligible.
The differential cross-section for elastic photon Hall scattering, given random incident polarization, involves the interference of the ED transition (ED moment r P ) and the EQ transition (EQ moment q D ) [6] ,
whereŷ is the magneto-transverse unit vectorŷ =k × B. For a strongly detuned P -level and a laser tuned resonantly (
follows that the PHE scattering amplitude is given by
Γ D is the total decay rate of the D state and ∆ P D the frequency difference between the P and D state. Since we have to sum over all Zeeman substates of the P -level, the angular functions add up to m=0,±1
wherex is directed along the incident wave vector k and z along the magnetic field B. The total photon Hall flux directed alongŷ is ∆J PHE = σ PHE I in , with
It is convenient express this in terms of the natural linewidth. For the two transitions is
and
Expression (7) is the most important result of this paper. It shows that a PHE current exists along theŷ direction. As long as the bias magnetic field lifts the degeneracy of the Zeeman substates of the D-level, and is resonantly tuned on one such substate, the PHE current is just proportional to the magnetic quantum number m D . This result is different from the situation studied in Ref. [6] that assumes all magnetic sublevels, both of P and of D-levels, to be resolved by a broadband beam (γ L >> µB, ∆). In that case the PHE is proportional to the magnetic field. Compared to Ref. [6] , the PHE crosssection is suppressed because of the large detuning of the P -level ( A P /∆ P D ≪ 1). On the other hand, by the absence ED scattering, the background noise of normally scattered photons is small as well. We can estimate the optical cross-section at wavelength λ D for resonant EQscattering as σ EQ = ρ D A D /I ×hω D . This yields, using Eq. (2),
If the photon scattering from the EQ transition can be adopted as the main source of background noise, the signal-to-noise ratio is
. This would benefit from a very low EQ branching ratio, and thus makes neutral Strontium a favorite candidate. From Table I we can infer that for neutral Strontium, at I = I s , J EQ ≈ 30/2 = 15 photons/second are scattered by the electric quadrupole along the y-direction. This is much larger than the scattered rate of thermal photons we expect at room temperature ∼ Γ D exp(−hc/(λ D k B T )) ∼ 4 · 10 −11 s −1 . The PHE generates 3 · 10 −4 photons per second. Note that the order of magnitude of the relative Hall effect σ PHE /σ EQ is of order 10 −6 − 10 −8 , quite similar to the ratios reported for classical samples [2] . The PHE current gives rise to a magneto-transverse recoil force, F PHE = M a PHE = ∆J PHE /c 0 , with M the atomic mass.
III. IMPLEMENTATION AND DOPPLER EFFECT
For practical implementation, one might consider a large ensemble of cold atoms (N ∼ 10 8 ), hold together in a far off-resonance dipole trap with, at least, a confinement along the z-axis to prevent atoms falling due to the Earth gravitational attraction. One expects a large Doppler broadening of the EQ-transition. Indeed, even with efficient laser cooling, the atomic velocity distribution gives rise to a Gaussian profile with a frequency linewidth of the order of Γ v /2π ∼ 10 5 Hz, much larger than Γ D .
We assume to be in the regime Γ D ≪ Γ v , γ L ≪ µB/h, where γ L is the laser bandwidth. The laser is still assumed to be tuned on the EQ resonance, but its bandwidth is sufficiently broadened to make sure to address the full Doppler distribution of atoms. This broadening can be achieved using an external frequency modulation device such as an acousto-optic modulator. Because the natural linewidth γ (decay rate Γ = 2γ) is much smaller than both the laser bandwidth and the Doppler width, we can write for the Doppler shifted line profile of one atom with velocity v,
. As a result, when averaged over the whole atoms distribution, Eq. (2), applied to the state D, modifies to,
where v T = k B T /M is the typical thermal velocity of the atoms along the incident wave vector; erf(x) is the error function, which arises here because we adopt a flat laser intensity
Hz, we estimate η ≈ 500, leading to maximal intensities of order of 100 W/m 2 ( Table 2) . The incident laser power should thus be increased by this factor η. Such a laser power is reachable with the current laser technology. We note that the population of the P state also increases by the factor η but still remains negligible. Similarly, it is straightforward to see that that the Doppler broadening reduces the PHE complex amplitude (5) by the same factor
This means that the PHE cross-section σ PHE also becomes a factor η smaller. The same holds for σ EQ . This means that the currents σ PHE × I v and σ EQ × I v both remain constant. We conclude that, provided the intensity is increased by a factor η over a bandwidth a few times larger than the Doppler broadening, the estimates for ∆J PHE , J D , a PHE and σ PHE /σ EQ in Table 1 will be unaffected by the Doppler effect (see Table II for a summary of the typical values). For a cloud with N = 10 8 atoms the PHE involves roughly 3 · 10 4 photons per second. The photonic Hall current gives rise to a photonic Hall force, F = M a = 2J PHE /c 0 , thus a net displacement y PHE of the atomic cloud centre of mass. A much stronger displacement occurs alongk due to resonant absorption of the incident laser beam, which rapidly pushes the atoms out of resonance. To remove this spurious effect, one can periodically reverse the direction of the incident beam. At the same time, the direction of the magnetic field must be reversed as well to make sure that the PHE force is always pointing in the same direction. A direct measurement of the displacement of the cloud of atoms due to the PHE is then mainly limited by the heating rate associated with the elastic and inelastic photon scattering. If we assume a cycle of an absorption and reemission of a photon with subsequent opposite directions at each life time 1/Γ D of the D-level, the velocity dispersion along the y-axis will grow in time as ∆v
where v r =hk D /M is the recoil velocity. Here the scattering rate can be overestimated by at least a factor of two for a close S ↔ D transition and should depend on the decay channels toward the S state in the presence of inelastic scattering. The spatial confinement along the y-axis then grows as ∆y Table 1 but this time assuming a Doppler broadening of Γv/2π = 10 5 Hz. The photonic Hall current JPHE and the magneto-transverse recoil acceleration aPHE are not changed provided the measurement is done at the same D-level population. The bottom line roughly estimates the mean magneto-transverse displacement of atoms after one second, normalized to the typical size of the expanding cloud due to EQ absorption of photons, yPHE/ ∆y 2 ∼ √ t .
Direct observation of a cloud displacement by PHE might be not suitable for an ion cloud. First because ion clouds are usually strongly confined in a Paul trap for example. Secondly, the atom number is usually lower than the equivalent experiment with neutral atoms. For ions, we suggest to measure the scattering imbalance due to PHE, that is the equivalence of scattered photons along positive and negative y-axis. This method can actually also be applied to neutral atoms system and was already employed to observe the PHE in classical samples [2] , which exhibited the same orders of magnitude. It offers several advantages with respect to the observation of a cloud displacement. First, one can use an optical frequency filter to get ride of the unwanted inelastic scattering. Second, a synchronous modulation technique can be employed to remove large noise contributions, if synchronized with the fluctuating direction of the incident field to keep the atoms at rest. Indeed, by reserving periodically the direction of the incident beam, the PHE appears with the same period whereas the fluorescence background is not observed because it is independent of the sign of the wave vector. Residual systematic errors should be subtracted repeating the experiment with a reverse magnetic field.
IV. CONCLUSIONS
We have shown that the PHE occurs in atomic or ionic species having an electric-dipole and an electricquadrupole transition that are far but not too far separated in energy. The excitation optical field is tuned on resonance with a specific magnetic sublevel of the D-level. In that case the PHE does not depend on the strength of the magnetic field used to lift the Zeeman degeneracy of the D state. Since the P -transition is off-resonant the S ↔ P transition scatters no photons, and the PHE only relies on the dispersive response of the electric-dipole transition.
We suggest two methods to observe PHE. One method is based on the observation of the cloud displacement induced by the PHE force. The second method consists of measuring the elastic photon scattering imbalance. In all practical cases, discussed in this paper, the PHE leads to a weak signal, mainly because of the large frequency detuning of the P . Nevertheless, the effect should be observable with the current state-of-the-art experimental platforms. A more spectacular PHE can be expected if one can manage to increase the electricmultipole transition strengths with respect to the electric dipole transition. One promising road consists of placing atoms close to a two-dimensional plasmonic material, where the field confinement, induced by a plasmonic excitation, strongly reduces its effective wavelength, as was recently suggested in [18] .
